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Scale Invariance without Inflation?
C. Armenda´riz-Pico´n
Enrico Fermi Institute and Department of Astronomy and Astrophysics,
University of Chicago.
Eugene A. Lim
Center for Cosmological Physics and Department of Astronomy and Astrophysics,
University of Chicago.
We propose a new alternative mechanism to seed a scale invariant spectrum of primordial density
perturbations that does not rely on inflation. In our scenario, a perfect fluid dominates the early
stages of an expanding, non-inflating universe. Because the speed of sound of the fluid decays,
perturbations are left frozen behind the sound horizon, with a spectral index that depends on the
fluid equation of state. We explore here a toy model that realizes this idea. Although the model
can explain an adiabatic, Gaussian, scale invariant spectrum of primordial perturbations, it turns
out that in its simplest form it cannot account for the observed amplitude of the primordial density
perturbations.
Keywords: cot, inf
I. INTRODUCTION
During the last decade, several experiments have
probed the nature of the primeval perturbations that
gave rise to the anisotropies observed in the universe [1].
The results of these measurements are consistent with an
adiabatic, Gaussian and nearly scale invariant primordial
spectrum of perturbations, as predicted by the simplest
models of inflation [2]. Due to the central role that the
origin of these perturbations plays in our understanding
of the early universe, it is important to ascertain to what
extent alternatives to seed such a spectrum exist. In
the context of a universe dominated by a single canon-
ical scalar field coupled to general relativity, this issue
has been investigated in [3]. In a contracting universe,
there are two ways to seed a scale invariant spectrum [4],
and in an expanding universes only a stage of de Sitter
inflation can generate it. Other alternatives that relax
some of the assumptions made in [3] have been discussed
in [5, 6, 7, 8]. It is fair to say though, that the only
presently known, widely accepted way to seed a scale in-
variant spectrum of perturbations in an expanding uni-
verse requires a stage of de Sitter inflation.
During inflation, the physical length of a perturbation
grows faster than the Hubble radius H−1. Hence, be-
cause for a scalar field the sound of speed is one, ini-
tially sub-horizon sized modes cross the sound horizon
and subsequently freeze. Note that the crossing of the
sound horizon csH
−1, rather than the Hubble radius, is
what leads to the causal seeding of a primordial spectrum
of density perturbations.
In this paper we propose an alternative seeding mech-
anism in an expanding universe that does not require
inflation. In our scenario, modes cross the sound horizon
because the sound speed decreases sufficiently fast. The
amplitude of the perturbations depends on the values of
the Hubble parameter and the sound speed at the time
of crossing. If the sound speed decays appropriately, it
is also possible to seed a scale invariant spectrum. In
order to push the seeded perturbations to super-Hubble
scales, it is necessary that a period of inflation follows the
seeding. However, let us emphasize that the seeding and
inflation are two distinct, unrelated cosmological phases;
the nature of the seeded spectrum is independent of the
properties of the inflationary stage, which does not have
to be de Sitter-like.
We discuss a particular realization of the scenario out-
lined above. Although the particular model we discuss
can successfully seed a scale invariant spectrum of den-
sity perturbations, it turns out that it cannot account for
the observed amplitude. Specifically, if one requires the
amplitude of the seeded perturbations to agree with the
one observed in CMB anisotropies, our model can seed
only about two decades in k space (instead of the re-
quired three to four). On the other hand, if one requires
the seeding to span about three decades, then the ampli-
tude of the seeded perturbations has to be smaller than
the observed one. The only way to escape this conclu-
sion is to assume that between seeding and observation
the amplitude of the seeded spectrum is boosted to the
observed value by a different mechanism.
II. FORMALISM
Consider a spatially flat FRW universe dominated by
an isentropic perfect fluid. We would like to study scalar
perturbations in such a universe [9], so we shall deal with
the perturbed metric (in longitudinal gauge)
ds2 = a2(η)
[
(1 + 2Φ)dη2 − (1− 2Φ)d~x2
]
. (1)
The evolution of the scale factor is determined by the
background Einstein equations
H2 = a2ρ and H′ = −
H2
2
(1 + 3w), (2)
2where H = a′/a and prime denotes a derivative with
respect to conformal time η. We work in units where
Newton’s constant is G = 3/(8π) and, as usual, we have
defined the equation of state parameter w = p/ρ. The
pressure of the fluid is p, and ρ is its energy density. The
Hubble parameter is H = H/a.
The evolution of the scalar perturbations can be de-
scribed in terms of the Mukhanov variable v, which is a
linear combination of the gravitational potential Φ and
the fluid perturbations [9, 10]. The Fourier components
of the Mukhanov variable vk obey the simple differential
equation
v′′k +
(
c2sk
2 −
z′′
z
)
vk = 0, (3)
where the variable z is given by
z =
a(1 + w)1/2
cs
, (4)
and the speed of sound of the isentropic fluid is
c2s ≡
dp
dρ
= w −
w′
3H(1 + w)
. (5)
Note that for isentropic fluids, the equation of state and
the speed of sound are linked by the fluid equation of
motion ρ′ + 3Hρ(1 + w) = 0.
Whereas the variable v proves to be useful to study the
quantization and the evolution of the perturbations, the
Bardeen variable
ζ =
v
z
=
2
3
H−1Φ′ +Φ
1 + w
+Φ (6)
turns to be more convenient to compute observable quan-
tities, such as the temperature anisotropies in the CMB
radiation. These anisotropies can be characterized by the
the power spectrum
Pζ =
k3
4π2
| ζk|
2, (7)
which is a measure of the mean square fluctuations of the
variable ζ on comoving scales 1/k. The variable ζ is also
useful because it can be directly related to the pertur-
bations in the energy density. In fact, in cases where Φ
is constant, it follows from Eq. (6) that ζk ∼ Φk. Using
Poisson’s equation (for modes smaller than the Hubble
radius) we then find
Pδρ/ρ ∼
k4 Pζ
a4 ρ2
, (8)
which connects the inhomogeneities in ζ to the inhomo-
geneities in the fractional density contrast.
Let us turn our attention to the equation of motion of
the perturbations, Eq. (3). By definition, in the short-
wavelength regime c2sk
2 ≫ z′′/z. If cs and w are con-
stant, the last condition translates into c2sk
2 ≫ a2H2,
which means that modes are smaller than the sound hori-
zon. In this regime, an approximate solution of Eq. (3)
is
vk(η) =
1√
cs(η)k
exp
(
−i
∫ η
cs(η˜) k dη˜
)
. (9)
This WKB-like solution is valid as long as the change in
the frequency csk is adiabatic,
c2sk
2 ≫
c′′s
cs
and c2sk
2 ≫
(
c′s
cs
)2
. (10)
Then, the approximate solution (9) corresponds to
zeroth-order adiabatic vacuum initial conditions [11]. In
the long-wavelength regime, c2sk
2 ≪ z′′/z, one of the so-
lutions of Eq. (3) is proportional to z. Hence, if v ∝ z
is the dominant solution of Eq. (3), for long-wavelength
modes the variable ζ is conserved. This remains true as
long as there are no entropy perturbations.
III. DECAYING SOUND SPEED
In order to causally seed a spectrum of perturbations
it is necessary that modes that initially lie in the short-
wavelength regime, where natural initial conditions ex-
ist, enter the long-wavelength regime and subsequently
freeze. This occurs only if
(
z′′
c2sz
)
′
> 0. (11)
One way to satisfy condition (11) is to assume that
cs = 1 and w < −1/3. Then, z
′′/z ∼ a2H2 increases
while cs remains constant. In physical terms, this means
the physical length of a mode, a/k, grows faster than
the Hubble radius H−1, the condition that singles out
inflation. Recall that for a (canonical) scalar field cs is
indeed equal one [10].
There are nevertheless additional ways to satisfy the
seeding condition (11). The main idea of our paper is
that a rapidly changing speed of sound can also result
in the seeding of a scale invariant spectrum. Even if
z′′/z ∼ a2H2 decreases in time, if cs changes fast enough
it is possible to satisfy condition (11). Physically, this
means that the length of a mode grows faster than the
sound horizon csH
−1. In the following we present a
model that realizes this idea. For simplicity, we assume
here that the fluid that dominates the universe is isen-
tropic. In that case, the sound speed is determined by
the equation of state, which in turn is determined by the
expansion of the universe. Hence, the free parameters
of our simple model are tightly constrained. By consid-
ering non-isentropic fluids or non-canonical scalar fields,
one could avoid these restrictions.
3IV. A SIMPLE MODEL
Suppose that the early universe is dominated by an
isentropic fluid with polytropic equation of state
p = w∗ρ∗
(
ρ
ρ∗
)1+α/3
. (12)
Here α is a free parameter that characterizes the poly-
tropic index and w∗ is the value of the equation of state
parameter for ρ = ρ∗. Perfect fluids with polytropic
equations of state have been long and widely considered
in astrophysics [12].
If w∗ ≪ 1, for energy densities below ρ∗ the pressure
p is negligible. Under the assumption p≪ ρ, integration
of Eqs. (2) yields
a = a∗
(
η
η∗
)2
, H =
2
η
, (13)
which is of course how a dust-dominated universe evolves
in conformal time. Although the equation of state param-
eter and the sound speed are small, they are not exactly
zero. Using Eqs. (12), (2) and (5) we find
w = w∗
(
η
η∗
)
−2α
, c2s =
(
1 +
α
3
)
w(η). (14)
Finally, substituting these expressions into Eq. (4) we
arrive at
z′′
z
=
2 + 3α+ α2
4
H2. (15)
Therefore, the seeding condition Eq. (11) is satisfied
only if cs decays fast enough, α > 1. The origin of this
condition can be also interpreted in physical terms. The
physical length of a mode is λ = a/k, and the size of the
sound horizon is csH
−1. Requiring the physical length of
a mode to grow faster than the sound horizon also yields
α > 1. Note that if α > 3, both speed of sound and
sound horizon decay.
With z′′/z given by Eq. (15) and c2s given by Eq. (14)
the differential equation (3) has the solution
vk = η
1/2
[
AkHν
(
cs k
α− 1
η
)
+BkH
∗
ν
(
cs k
α− 1
η
)]
, (16)
where Hν is the Hankel function of the first kind and
ν =
2α+ 3
2(α− 1)
. (17)
The coefficients Ak and Bk are integration constants de-
termined by the initial conditions. For modes well within
the short-wavelength regime, the adiabaticity conditions
(10) are satisfied. Setting
Ak =
√
π
2(α− 1)
, Bk = 0 (18)
the solution (16) approaches the adiabatic vacuum (9).
Substituting Eq. (16) into Eq. (7) we find that in the
long-wavelength regime the power-spectrum Pζ is time-
independent. Expressing it in terms of the values of H
and cs at the time a reference scale k∗ crosses the sound
horizon, c∗sk∗ = a∗H∗, results into
Pζ =
Γ2(ν) · (α− 1)2ν−1
4π3
·
H2
∗
c∗s
(
k
k∗
)ns−1
, (19)
where ν is determined by Eq. (17) and the spectral index
is given by
ns − 1 =
α− 6
α− 1
. (20)
Hence, for α > 6 the spectrum is blue, for α = 6 it is scale
invariant1 and for α < 6 it is red. In particular, one can
imagine a situation where α is mildly ρ-dependent and
increasing as a function of ρ. In such a case, the spectral
index would run from ns > 1 to ns < 1 at smaller scales,
as hinted by recent observations [1]. Because the seeded
perturbations originate from quantum fluctuations of the
fluid, they are expected to be Gaussian.
A. Observational constraints
Large scale structure and CMB measurements probe
the primordial spectrum on scales that range from the
size of today’s Hubble radius to scales about 103 times
smaller. Presently, these probes are consistent with an
adiabatic, Gaussian, nearly scale invariant spectrum with
amplitude Pζ ∼ 10
−10 [1]. In this section we explore
whether our model is capable of successfully accounting
for these primordial anisotropies and how these observa-
tions constrain and affect our model.
Suppose that the seeding of perturbations we have de-
scribed lasts for ∆Ns e-folds. The minimal value of ∆Ns
is determined by the requirement that our mechanism
seeds perturbations spanning three decades in k space.
Because modes are seeded when they cross the sound
horizon, csk = aH , using Eqs. (13) and (14) one thus
finds that the number of e-folds of seeding has to satisfy
∆Ns ≥
D log 10
1 + α/2− 3/2
, (21)
whereD is the number of cosmologically relevant decades
in k space (about three). After the seeding, we assume
that the universe evolves with constant equation of state
w˜ for a period of ∆Nw˜ e-folds. Next, the universe is
reheated at arh and it subsequently undergoes a radia-
tion dominated phase until equipartition aeq. Following
1 Although this statement is true in our approximation w → 0,
the arbitrarily small deviations from w = 0 will cause deviations
from scale invariance even if α = 6.
4equipartition the universe becomes matter dominated un-
til today a0 (for simplicity we neglect the recent stage of
cosmic acceleration). Thus, at the beginning of the seed-
ing, the physical size of a comoving scale k∗ was
λ∗ =
a0
k∗
aeq
a0
arh
aeq
exp(−∆Nw˜) exp(−∆Ns). (22)
On the other hand, the value of the Hubble parameter at
that time was
H∗ = H0
(
a0
aeq
)3/2(
aeq
arh
)2
e3∆Nw˜(1+w˜)/2e3∆Ns/2. (23)
Using the last two equations, one can compute the value
of the speed of sound at the time the present Hubble ra-
dius k∗ = a0H0 crossed the sound horizon during seeding,
c∗sH
−1
∗
= λ∗,
c∗s =
(
a0
aeq
)1/2(
aeq
arh
)
e(1+3w˜)∆Nw˜/2e∆Ns/2. (24)
Equipartition occurred at a0/aeq ≈ 3 · 10
3, and be-
cause reheating has to happen before nucleosynthesis,
aeq/arh ≥ 10
8. Since the speed of sound and the equation
of state parameter are related by Eq. (14), inspection of
Eq. (24) shows that in order to prevent a violation of
the condition w ≪ 1, we have to assume that the seeding
was followed by a stage of inflation, w˜ < −1/3.
The evolution of a particular comoving scale k in time
is depicted in Fig. 1. Observe that in our model, the
seeding of the scalar perturbations and the inflationary
epoch are decoupled from each other. The only purpose
of the inflationary stage is to allow for a small speed of
sound during the seeding and to push the already seeded
spectrum of perturbations to scales larger than the Hub-
ble radius. Gravitational waves are seeded only during
the stage of inflation. Because the amplitude of the ten-
sor perturbations at the time a given scale crosses the
Hubble radius is proportional to H , the tensor to scalar
ratio at k∗ = a0H0 is, up to constants of order one,
Ph
Pζ
∣∣∣∣∣
k∗
∼ (c∗s)
−
5+3w˜
1+3w˜ · exp
(
−
6w˜
1 + 3w˜
∆Ns
)
. (25)
Since c∗s is small, tensor perturbations are suppressed.
The same argument applies to scalar perturbations gen-
erated during any inflationary regime driven by a com-
ponent different from the seeding fluid.
Inflation might be driven by the same component that
causes the seeding, e.g. by a k-field [13], or it might be
driven by a second component, like a conventional scalar.
In the former case, in order to preserve the seeded spec-
trum, it is important that perturbations do not reenter
the sound horizon during inflation. This is possible dur-
ing k-inflation, because the speed of sound and the equa-
tion of state parameters are two arbitrary independent
quantities. In the latter case, it is important that no en-
tropic component be generated during inflation. Just as
c  /Hs
Seeding Inflation
log(a)
log(length)
crossing
Sound horizon 1/H
Reentryλ
 crossing
Hubble radius
FIG. 1: A schematic plot of the evolution of the different
length scales in our scenario. During seeding, the physical
length λ (thick line) crosses the sound horizon cs/H (contin-
uous line). Later, during inflation, λ exits the Hubble radius
1/H (dot-dashed line).
for gravitational waves, such entropic perturbations are
expected to be negligible. Nevertheless, the presence of a
second component could have non-trivial consequences,
such as for instance, a boost in the primordial amplitude
of the perturbations due to parametric resonance during
reheating [14].
It turns out that the validity of perturbation theory
severely constrains our model. Using Eq. (8) one can
compute the value of δρ/ρ at the time of sound horizon
crossing for the last seeded mode2,
Pδρ/ρ =
Pζ
c∗s
4 exp (−2α∆Ns)
. (26)
The validity of perturbation theory requires Pδρ/ρ < 1,
and self-consistency of our derivation c∗s < 1. Therefore
we find
∆Ns <
logP−1ζ
2α
. (27)
The amplitude of the primordial fluctuations observed
in CMB temperature anisotropies implies Pζ ∼ 10
−10
[1]. Setting α = 6 (ns = 1) in the last equation we
thus find ∆Ns < 2, which is somewhat smaller than the
observationally required ∆Ns ≈ 3 that follow from Eq.
(21) (for D = 3).
2 The constraint that follows by considering this mode is stronger
than the one requiring that the density perturbation for the mode
k∗ remain in the linear regime.
5B. A Microscopic Description
Although Eq. (12) uniquely specifies the perfect fluid
model, it might be desirable to cast our model into a
microscopic formulation. Consider a scalar field ϕ with
Lagrangian
L = p(X), where X =
1
2
gµν
∂ϕ
∂xµ
∂ϕ
∂xν
. (28)
Here, p is an as of yet unspecified, arbitrary function of
X . Such a Lagrangian describes a k-field [13]. For time-
like field gradients, the energy momentum tensor of the
k-field has perfect fluid form, with pressure given by p(X)
and energy density given by ρ(X) = 2Xdp/dX − p. Be-
cause the Lagrangian only depends on X , in this partic-
ular case the k-field behaves as an isentropic fluid. Using
the previous expression for ρ(X) one can derive a dif-
ferential equation for the p(X) that leads to the desired
equation of state (12). The solution is
p(X) = w∗ρ∗
[
1 +
α
2w∗(3 + α)
log
(
X
X∗
)]1+3/α
, (29)
where p≪ ρ has been assumed.
V. CONCLUSIONS
We have presented a novel alternative mechanism to
causally seed a spectrum of density perturbations in an
expanding universe. In our scenario, the decaying sound
speed of an isentropic perfect fluid causes perturbations
to be left frozen behind the sound horizon, with a spec-
trum that depends on the decay rate of the sound speed.
In order for the seeded spectrum to correspond to cos-
mologically relevant scales, an inflationary stage has to
follow the phase of perturbation seeding. Therefore,
the seeding and the spectrum of the perturbations and
the inflationary stage are distinct unrelated cosmological
phases. Since the inflationary stage happens after the
seeding, the gravitational waves generated during the in-
flationary stage are suppressed compared to scalar per-
turbations.
Although the particular model we have discussed can
successfully explain a scale invariant spectrum of Gaus-
sian, adiabatic perturbations on observable scales, it can-
not account for its observed amplitude in the cosmologi-
cally relevant window of about three decades in k space.
The only way we are aware of to avoid this conclusion
is to assume that parametric resonance during reheating
boosts the amplitude of the primordial spectrum to its
observed value [14]. At this point one should also bear
in mind that we have explored only one particular re-
alization of our scenario. In fact, we are not aware of
any physical principle that would prevent other realiza-
tions to also account for the correct amplitude in a larger
cosmological window.
Why should we consider a stage of pre-inflationary
seeding if perturbations can be generated during inflation
anyway? It turns out that in some cases it might be use-
ful to decouple the seeding of the perturbations from the
stage of inflation [15]. This decoupling acquires particu-
lar relevance in the light of the recent signs of a running
spectral index [1]. Such a running can be accommodated
by conventional inflationary models only at the cost of
spoiling their simplicity and economy [16]. If in the era
of precision cosmology one is forced to replace simplicity
by phenomenological success, less simple alternatives to
the conventional models might be attractive too.
On the other hand, our results can be also interpreted
from a different perspective: They display howmany hur-
dles one has to overcome in order to seed a phenomeno-
logically realistic spectrum of perturbations without in-
flation.
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